Abstract. In this work, we obtain existence criteria for Chern-Ricci flows on noncompact manifolds. We generalize a result by on Chern-Ricci flows to noncompact manifolds and a result for Kähler-Ricci flows by to Chern-Ricci flows. Using the existence results, we prove that any complete noncollapsed Kähler metric with nonnegative bisectional curvature on a noncompact complex manifold can be deformed to a complete Kähler metric with nonnegative and bounded bisectional curvature which will have maximal volume growth if the initial metric has maximal volume. Combining this result with [3], we give another proof that a complete noncompact Kähler manifold with nonnegative bisectional curvature (not necessarily bounded) and maximal volume growth is biholomorphic to C n . This last result has already been proved by Liu [17] recently using other methods. This last result is partial confirmation of a uniformization conjecture of Yau [38] .
introduction
Let (M n , g 0 ) be a Hermitian manifold with complex dimension n. Let θ 0 be the associated real (1, 1) form. In holomorphic coordinates (z 1 , . . . , z n ), g 0 is given by (g 0 ) ij and θ 0 = √ −1(g 0 ) ij dz i ∧ dz j .
Even though g 0 is not Kähler in general, we still call θ 0 to be the Kähler form of g 0 . The following flow, which was called the Chern-Ricci flow by Tosatti-Weinkove [34] , was first studied by Gill [12] : starting at θ 0 is given by (1.1)
where Ric(θ) is the Chern-Ricci form of θ. For a Hermitian metric with Kähler form θ, Ric(θ) = − √ −1∂∂ log(det g) in holomorphic coordinates. We also denote Ric(θ) to be Ric(g). For the definitions and basic properties on Chern connection, torsion of the connection and curvature of the connection, see [34] or Appendix A.
If initially g 0 is Kähler, then the Chern-Ricci flow coincides with the Ricci flow in which the Kählerity is preserved. In fact, if g 0 is Kähler on an open set U of M, then g(t), which is the Hermitian metric corresponding to θ(t) of the solution to the Chern-Ricci flow, is also Kähler on U. Unlike Ricci flow, Chern-Ricci flow will preserve the Hermitian condition. Thus it is expected that the Chern-Ricci flow reveals information about the structure of M as a complex manifold.
Existence, longtime existence and behaviors on compact Hermitian manifolds have been investigated by Gill [12] , Tosatti, Weinkove, Fang, Yang and other people [11, 33, 34, 35] . In this paper, we will discuss existence of ChernRicci flow on noncompact complex manifolds.
In this work, connection always means the Chern connection, and curvature is the curvature with respect to the Chern connection unless specified otherwise. Also we use [0, S] for example instead of [0, T ] to denote a time interval because we want to reserve T to denote the torsion.
In [34] , Tosatti-Weinkove obtained the following criteria of existence time.
Theorem 1.1. Let (M n , g 0 ) be a compact Hermitian manifold. Let S A be the supremum of S > 0 so that the Chern-Ricci flow (1.1) has a solution g(t) with initial data g 0 on M × [0, S]. Let S B be defined by S B = sup{t ≥ 0 : ∃u ∈ C ∞ (M), θ 0 − tRic(θ 0 ) + √ −1∂∂u > 0}.
This generalizes a result for Kähler-Ricci flows on compact manifolds by Tian-Zhang [32] to the Chern-Ricci flows. The result by Tian-Zhang was also generalized in another direction: Namely to Kähler-Ricci flow on complete noncompact Kähler manifolds. First note that if M is compact then for u be as in the definition of S B , we actually have:
for some β, β ′ > 0. Moreover, all the derivatives of u with respect to g 0 are bounded. In [18] , Lott-Zhang proved the following: Theorem 1.2. Let (M n , g 0 ) be a complete noncompact Kähler manifold with bounded curvature and with Kähler form θ 0 . Let S A be the supremum of the numbers S such that the Kähler-Ricci flow has a solution g(t) with initial data g 0 and with uniformly bounded curvature on M × [0, S]. Let S B be the supremum of the numbers S for which there is a function u ∈ C ∞ (M) such that (i) θ 0 − tRic(θ 0 ) + √ −1∂∂u ≥ βθ 0 ;
for some β > 0; and (ii) for each k, the k-th covariant derivatives of u with respect to g 0 are uniformly bounded.
Then
Observe that by (ii) in the above and the fact that g 0 has bounded curvature, we also have θ 0 − tRic(θ 0 ) + √ −1∂∂u ≤ β ′ θ 0 for some β ′ > 0. In this work, we want to generalize Theorem 1.1 by Tosatti-Weinkove to noncompact manifolds and Theorem 1.2 by Lott-Zhang to Chern-Ricci flow. Before we state our result, we make the following definition. Definition 1.1. Let (M n , g 0 ) be a Hermitian manifold. Let R be the curvature tensor with respect to the Chern connection. g 0 is said to have bisectional curvature bounded below by −K, and will be denoted by BK(g 0 ) ≥ −K if at any point and for any unitary frame, R iījj ≥ −K. Here i may be equal to j. The bisectional curvature of g 0 is bounded above by K is defined similarly.
Let (M
n , g 0 ) be a complete noncompact Hermitian manifold. Let S A be the supremum of S > 0 so that the Chern-Ricci flow (1.1) has a solution g(t) with initial data g 0 and g(t) is uniformly equivalent to g 0 on M × [0, S]. Let S B be the supremum of S > 0 such that there is a smooth bounded function u and β > 0 such that θ 0 − SRic(θ 0 ) + √ −1∂∂u ≥ βθ 0 where θ 0 is the Kähler form of g 0 . We obtain the following: Theorem 1.3. Let (M n , g 0 ) be a complete noncompact Hermitian manifold with torsion T (which is zero if g 0 is Kähler). Assume the followings:
(i) |T | g 0 and |∂T | g 0 are uniformly bounded; (ii) the bisectional curvature of g 0 is uniformly bounded from below: BK(g 0 ) ≥ −K; and (iii) there exists a smooth real function ρ which is uniformly equivalent to the distance function from a fixed point such that |∂ρ| g 0 , |∂∂ρ| g 0 are uniformly bounded.
Here we do not assume that g 0 has bounded Riemannian curvature. We only assume that the bisectional curvature of g 0 is bounded from below.
It is well-known that if g 0 is Kähler and has bounded curvature, then (iii) is always true, see [31] for example. If g 0 is Kähler with nonnegative bisectional curvature then (iii) is also true, see [21] .
For the case that the bisectional curvature is bounded from above, we have:
be a complete noncompact Hermitian manifold and let T be the torsion of g 0 . Suppose g 0 satisfies conditions (i) and (iii) in Theorem 1.3 and (ii) is replaced by the condition that BK(g 0 ) ≤ K. Suppose in addition there is a smooth bounded function u and positive constants β, β
Then the Chern-Ricci flow has a solution g(t) with initial data g 0 on M ×[0, S 1 ] for some S 1 > 0. Moreover, g(t) is uniformly equivalent to g 0 .
In case g 0 has bounded curvature with |T | g 0 and |∂T | g 0 uniformly bounded, then one can obtain more explicit estimates. See Theorem 4.2 for more details. The estimates will be crucial in the proof of our next result on the short time existence of Kähler-Ricci flow.
Recall that in [9] , without assuming that the initial metric has bounded curvature, Cabezas-Rivas and Wilking are able to construct a short time solution to the Ricci flow on complete noncompact manifolds starting from a metric with nonnegative complex sectional curvature and noncollapsing in the sense that the volume of every geodesic ball of radius 1 is bounded below by a fixed positive constant v 0 . Moreover, the curvature of the solution g(t), t > 0 is bounded by a/t for some a. The result is recently generalized to the case that the complex sectional curvature is bounded from below by Bamler, CabezasRivas and Wilking [10] . On the other hand, Simon and Topping [29] use some ideas of Hochard [14] and together with their results in [28] to prove that similar results are true for three dimensional Riemannian manifolds under the weaker condition that the Ricci curvature is bounded from below. In this work, we prove the following:
is a complete noncompact Kähler manifold with complex dimension n with BK ≥ 0 and V 0 (x, 1) ≥ v 0 > 0 for some v 0 > 0 for all x ∈ M. Then the following are true:
(i) There exist S = S(n, v 0 ) > 0, a(n, v 0 ) > 0 depending only on n, v 0 such that the Kähler Ricci flow has a complete solution g(t) on M × [0, S] and satisfies
(ii) g(t) has nonnegative bisectional curvature. If g 0 has maximal volume growth, then g(t) also has maximal volume growth.
, where V t (x, 1) is the volume of ball of radius 1 with center at x with respect to g(t).
Combining this with the a result of Chau and the second author [3] , we have:
is a complete noncompact Kähler manifold with nonnegative bisectional curvature with maximal volume growth, then M is biholomorphic to C n .
This gives a partial answer to the uniformization conjecture by Yau [38] which states that a complete noncompact Kähler manifold with positive holomorphic bisectional curvature is biholomorphic to C n . In case g 0 has bounded curvature, the above result was proved in [3] . Without assuming the boundedness of curvature, the above result is already proved recently by Gang Liu [17] , where he uses Gromov-Hausdorff convergence together with other techniques. Here we give an alternative proof using Kähler-Ricci flow. We should mention that there are many important contributions by various authors on Yau's conjecture. For more detailed discussion on the results related to the conjecture, one might refer to [4] .
The paper is organized as follows: in Section 2, we will give a short time existence on Chern-Ricci flow. In Section 3, we derive some a priori estimates for Chern Ricci flow and apply it in Section 4 to show Theorems 1.3 and 1.4. In Section 5, we will prove Theorem 1.5. In the appendix, we collect some information about the Chern connection and the behaviors under conformal change of metrics.
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a short time existence lemma
Let (M n , g 0 ) be a complete noncompact Hermitian manifold with complex dimension n. In the following, connection and curvature etc. always mean the Chern connection and curvature with respect to the Chern connection. In this section, we want to discuss the existence of the Chern-Ricci flow:
where R ij = −∂ i ∂j log det(g(t)) is the Chern Ricci curvature of g(t). This equation is equivalent to the following parabolic complex Monge-Ampère equation:
More precisely, if g(t) is a solution to (2.1), let
where θ(t) and θ 0 are the Kähler forms of g(t), g 0 respectively. Then ψ satisfies (2.2). One can see that θ(t) = θ 0 − tRic(θ 0 ) + √ −1∂∂ψ. Conversely, if ψ is a smooth solution to (2.2) so that θ 0 − tRic(θ 0 ) + √ −1∂∂ψ > 0, then θ(t) defined by the above relation satisfies (2.1). We will say that ψ is the solution of (2.2) corresponding to the solution g(t) of (2.1).
To begin our discussion, we need the following:
) be a complete Hermitian manifold. Let k ≥ 1 be an integer and 0 < α < 1. g is said to have bounded geometry of order k + α if there are positive numbers r, κ 1 , κ 2 such that at every p ∈ M there is a neighborhood U p of p, and local biholomorphism ξ p from D(r) onto U p with ξ p (0) = p satisfying the following properties:
(i) the pull back metric ξ * p (g) satisfies:
2 g e where g e is the standard metric on C n ; (ii) the components g ij of ξ * p (g) in the natural coordinate of D(r) ⊂ C n are uniformly bounded in the standard C k+α norm in D(r) independent of p. g is said to have bounded geometry of infinity order if instead of (ii) we have for any k, the k-th derivatives of g ij in D(r) are bounded by a constant independent of p. g is said to have bounded curvature of infinite order on a compact set Ω if (i) and (ii) are true for all k for all p ∈ Ω. We want to consider the following conditions on a complete noncompact Hermitian manifold (M n , g):
(a1) There exists a smooth real function ρ which is uniformly equivalent to the distance function from a fixed point such that |∂ρ| g 0 , |∂∂ρ| g 0 are uniformly bounded. (a2) There is a smooth bounded function u such that
where S, β are positive constants. (a2) There is a smooth bounded function v such that
where S ′ , β ′ are positive constants We have the following: Lemma 2.2. Let g 0 , g 1 be two complete Hermitian metrics on a noncompact complex manifolds M n . Suppose αg 0 ≤ g 1 ≤ α −1 g 0 for some α > 0. (i) Suppose g 0 satisfies (a1), so does g 1 with the same ρ.
(ii) Suppose g 0 satisfies (a2) with S > 0, u being bounded and β > 0. Then g 1 also satisfies (a2):
for some smooth bounded function u 1 . Here θ 1 is the Kähler form of g 1 . (iii) Suppose g 0 satisfies (a3) with S ′ > 0, v being bounded and β ′ > 0. Then g 1 also satisfies (a2):
for some smooth bounded function v 1 .
From this the result follows. The proof of (iii) is similar.
a priori estimates for Chern-Ricci flow
Let (M n , h 0 ) be a Hermitian manifold and let h(t) be a solution of (2.1) with initial data h(0) = h 0 on M × [0, S] with S > 0. Let ω 0 , ω(t) be the Kähler forms of h 0 , h(t) respectively. Let ψ be the solution of (2.2) corresponding to h(t). Namely,
. We want to obtain some a priori estimates. First we list evolution equations of some quantities related to the Chern-Ricci flow. Proof. Direct computations, see [34] for example.
Next letĥ be another fixed Hermitian metric. We use the following notations:
•∇ is the derivative with respect to the Chern connection ofĥ.
•T , T 0 are the torsions ofĥ, h 0 respectively •R is the curvature ofĥ. We want to compute ∂ ∂t − ∆ trĥ h which has been obtained in [34] . For later application, we also want to compute
Lemma 3.2. Let Υ = trĥ h, and Θ = tr hĥ .
(i) ∂ ∂t − ∆ log Υ = I + II + III
Hence there exist positive constants C(n), C ′ (n) depending only on n, such that
for some positive constants C(n), C ′ (n) depending only on n, where
in a unitary frame ofĥ, and |∂T 0 |ĥ is defined similarly.
Proof. (ii) Since∇ĥ = 0,
where we have used the fact that R pqis −R iqps =∇qT pis =ĥs r∇qT r pi .
Choose a unitary basis so that
On the other hand,
for some constant c 1 (n) depending only on n, where we have used the fact that
for some c 2 (n) depending only on n. So we have
for some c 3 > 0 depending only on n. Now choose unitary frame so that
Also,
From this (ii) follows.
We have the following maximum principle.
Lemma 3.3. Let (M n , h 0 ) be a complete noncompact Hermitian manifold satisfying condition (a1): There exists a smooth real function ρ which is uniformly equivalent to the distance function from a fixed point such that |∂ρ| h 0 , |∂∂ρ| h 0 are uniformly bounded. Suppose h(t) is a solution to the ChernRicci flow with initial metric h(0) = h 0 on M × [0, S). Assume for any 0 < S 1 < S, there is C > 0 such that
Proof. The proof is standard and we may assume that h(t) is a solution up to S and is uniformly equivalent to h 0 on M × [0, S]. Let r(·) be the distance function from a fixed point x 0 . We may assume that there is C 1 > 0 such that
which is impossible. Since ǫ is arbitrary, we conclude that the lemma is true.
Assume that h 0 satisfies (a1), (a2) (with g 0 replaced by h 0 ). Let S be the constant and let u be the bounded function in (a2). Suppose h(t) is a solution to the Chern-Ricci flow on M × [0, S 1 ] with S 1 < S with initial data h 0 so that h(t) is uniformly equivalent to h 0 on M × [0, S 1 ]. Let ψ be the corresponding solution to (2.2). Thenψ and hence ψ are uniformly bounded on
Lemma 3.4. Suppose the curvature of h 0 with BK(h 0 ) ≥ −K for any unitary frame at any point in M. Then there is a constant c 1 (n) > 0 depending only on n such that for t ≤ S 1 ,
Proof. We modify the proof in [34] . For ǫ > 0, let Φ = ψ −At−ǫρ where A > 0 to be determined. Then
for some positive constant c(n) depending only on n and a positive constant
Here we have used the fact that BK(h 0 ) ≥ −K and |∂∂ρ| h 0 is bounded. Hence if A = log(1 + c(n)KS 1 )
n + 1, we have a contradiction when ǫ is small enough. Therefore Φ ≤ 0 is ǫ is small enough. Let ǫ → 0, we conclude that (i) is true.
(ii) By Lemmas 3.1 and 3.3, we conclude that tψ − ψ − nt ≤ 0 becauseψ, ψ are bounded and ψ = 0 at t = 0. From this and (i), (ii) follows.
(iii) Let Λ = (S − t)ψ + ψ + nt. By Lemma 3.1,
Here we have used (a2). Since Λ, u are bounded, we conclude by Lemma 3.
From this and (i), we conclude that (iii) is true. , |∂T 0 | h 0 are uniformly bounded by K 1 . Then there are constants c 1 (n), c 2 (n) depending only on n such that for
where
Proof. We will modify the proof in [34] to the noncompact case. Let Υ = tr h 0 h and Θ = tr h h 0 . We first estimate ∂ ∂t − ∆ log Υ. In the following small case c i will denote a positive constant depending only on n. By Lemma 3.2(i) with h 0 =ĥ, in the notations as in the lemma, we have
Fix S 2 < S and let Λ = (S 2 − t)ψ + ψ + nt and let u be as in (a2), then by Lemma 3.1,
u|, and let φ = Λ −
Finally, let Q = log Υ + Aφ −1 − ǫP where A ≥ 1 is a constant to be determined later. Then
for some compact set and Q is bounded from above, there is (x 0 , t 0 ) with x 0 ∈ Ω such that
Hence in a unitary basis with respect to h 0 so that (h 0 ) ij , h ij = λ i δ ij ,
for some constant C 2 independent of ǫ and some constants c 4 , c 5 > 0 depending only on n. By (3.5), we have at (
Since Υ −1 > 0, we have
As ǫ is arbitrary, the result follows.
4. existence criteria for Chern-Ricci flow (M n , g 0 ) be a complete noncompact Hermitian manifold. Let S A be the supremum of S > 0 so that the Chern-Ricci flow (2.1) has a solution g(t) with initial data g 0 such that g(t) is uniformly equivalent to g 0 in M × [0, S].
Let S B be the supremum of S > 0 such that there is a smooth bounded function u satisfying (a2), that is:
for some β > 0, where θ 0 is the Kähler form of g 0 . We want to prove the following:
Theorem 4.1. Let (M n , g 0 ) be a complete noncompact Hermitian manifold with torsion T . Assume the following such that (i) |T | g 0 and |∂T | g 0 are uniformly bounded;
(ii) The bisectional curvature of g 0 is uniformly bounded from below.
(iii) There exists a smooth function ρ satisfying (a1).
The proof of S A ≤ S B is easy, see [18, 34] for example. It remains to prove that S B ≤ S A . Hence let S > 0 be such that (4.1) holds for some bounded function u and for some β > 0. Since it is in general not true that g 0 has bounded geometry of all order, we proceed as in [16] .
Let κ ∈ (0, 1), f : [0, 1) → [0, ∞) be the function:
Let ϕ ≥ 0 be a smooth function on R such that ϕ(s) = 0 if
From [16] , we have:
. Then the function F ≥ 0 defined above is smooth and satisfies the following:
(iii) For any 1 − 2κ < s < 1, there is τ > 0 with 0 < s − τ < s + τ < 1 such that
for some absolute constants c 2 > 0, c 3 > 0.
For any ρ 0 > 0, let U ρ 0 be the component of {x| ρ(x) < ρ 0 } which contains the fixed point mentioned in (a1). Hence U ρ 0 will exhaust M as ρ 0 → ∞.
is a complete Hermitian metric, see [14] , and
where ω 0 is the Kähler form of h 0 .
Proof. By Lemma 4.1 and assumption (ii) in the Theorem.
for some constant C 1 independent of ρ 0 by assumption (ii) in Theorem. Similarly,
for a possible larger C 1 . (i) and (ii) follow from Lemma B.1 and the fact that F ≥ 0. To prove (ii), we may assume that β ≤ 1, for any ǫ > 0, then if ρ 0 large enough,
We need the following technical lemma which will be proved later. Proof of Theorem 4.1. Let S > 0 be such that (4.1) is true. Let 0 < ǫ < S. Let ρ 0 be large enough so that Lemma 4.2 is true. Let S ǫ = S − ǫ. Claim. The Chern Ricci flow with initial data h 0 has solution h(t) on U ρ 0 × [0, S ǫ ) provided ρ 0 is large enough. Moreover, for any δ > 0 such that 0 < S ǫ − δ < S ǫ there is a constant independent of ρ 0 and ǫ such that
If the claim is true, let ǫ → 0 and choose suitable ρ 0 (ǫ) → ∞. By the estimates [23] we conclude that the solutions corresponding to ρ 0 (ǫ) → ∞ will subconverge uniformly on compact sets to a solution of the Chern-Ricci flow g(t) with initial data g 0 on M × [0, S). Moreover, for any 0 < S ′ < S, g(t) is uniformly equivalent to g 0 on M × [0, S ′ ]. From this we see that S 1 ≤ S 2 and Theorem 4.1 is true.
To prove the claim, since h 0 has bounded geometry of infinite order, the Chern-Ricci flow (2.1) has a solution h(t) on U ρ 0 × [0, S 1 ] for some S ǫ > S 1 > 0 such that h(t) is uniformly equivalent to h 0 . Let δ > 0 such that S ǫ − δ > 0 and S 1 ≤ S ǫ − δ. Let K be the bound as in Lemma 4.2. By Lemma 3.4 and 3.5, there is a constant C 1 depending only on δ, n, K, m, S such that
where ω(t), ω 0 are the Kähler forms of h(t), h 0 respectively and m = sup M |u|. Hence there is a constant C 2 depending only on δ, n, K, m, S such that
Since h 0 has bounded geometry of infinite order, by the estimates in [23] , we conclude that all derivatives of h(t) with respect to h 0 are uniformly bounded on U ρ 0 × [0, S 1 ]. Moreover, h(S 1 ) also has bounded geometry of infinite order. By Lemma 2.1, we conclude that h(t) can be extended beyond S 1 to some S 2 with S 1 < S 2 < S ǫ so that h(t) is uniformly equivalent to h 0 on U ρ 0 × [0, S 2 ]. Combining with (4.6), we conclude that the claim is true. This completes the proof of the theorem.
It remains to prove Lemma 4.3: h 0 has bounded geometry of infinite order.
Proof of Lemma 4.3. g 0 has bounded geometry of infinite order on any compact set Ω of M: That is, there exists r > 0, κ 1 , κ 2 so that (i), (ii) in Definition 2.1 are true for all k and for all points in Ω. In fact, if x ∈ Ω, there is an open set O x and there is a biholomorphism ξ x : D(2) → O x with ξ x (0) = x such that ξ * x (h 0 ) satisfying (i),(ii) in Definition 2.1. Since Ω is compact, we may find finitely many x 1 , . . . , x m such that ∪ i ξ x i (D(1)) ⊃ Ω. For any x, there is i, such that ξ x i (x) ∈ D(1). From it is easy to see that h 0 has bounded geometry of infinite order on Ω.
Let ρ 1 > ρ 0 . g 0 has bounded geometry of infinite order on U ρ 1 with r = 1 and for some κ 1 , κ 2 as in the Definition 2.1.
Let B(x, r) andB(x, r) be the geodesic balls of radius r centered at x with respect to g 0 and h 0 = e 2F g 0 respectively. Recall F (x) = F(ρ(x)/ρ 0 ). We will argue as in [14, 13] . See [16] . Let x ∈ U ρ 0 .
Case 1: ρ(x) ≤ (1 − 2κ)ρ 0 . Then ρ(y) ≤ (1 − 2κ)ρ 0 + C 1 d(x, y) for some constant C 1 independent of x, y. Here d(x, y) is the distance function with respect to g 0 . Hence there is a r 1 > 0 independent of x such that if ρ(x) ≤ (1 − 2κ)ρ 0 , then ρ(y) < (1 − κ + κ 2 )ρ 0 for all y ∈ B(x, r 1 ). In particular, B(x, r 1 ) ⊂ U ρ 0 and F = 0 on B(x, r 1 ). Since g 0 = h 0 on B(x, r 1 ), one can see that there is a 0 < σ 1 independent of x such that ξ x : D(σ 1 ) → U ρ 0 which is a biholomorphism and such that the ξ *
which satisfies 1 − 2κ < s < 1. Let τ be the number in Lemma 4.1(iii) for this given s. Then as in the proof of Theorem 2.2 in [16] , there is r 2 > 0 independent of x such that
By Lemma 4.1(iii), we conclude that if α = e F(s−τ ) , then there is a constant C 2 > 0 independent of x such that
Since α ≥ 1, we may assume that r 2 > 0 which is independent of x such that ξ x (D(α −1 σ 2 )) ⊃ B(x, α −1 r 2 ) for some 1 > σ 2 > 0 independent of x. Moreover, there is C 3 which is independent of x such that
Hence ξ x is a biholomprhism from D(
. Let (h 0 ) ij be the components of ζ * x (h 0 ) of in the w coordinates and let (g 0 ) ij be the components of g 0 of ξ *
By Lemma 4.2 and (4.7), there is a constant C 4 > 0 independent of x such that α ≤ e F (y) ≤ C 4 α for all y ∈B(x, r 2 ). Hence we conclude that κ
independent of x and g e is the standard Euclidean metric in the w-space.
By Lemma 4.2 and the fact that α ≤ e F (y) ≤ C 4 α for all y ∈B(x, r 2 ), we conclude that | ∂ ∂w k (h 0 ) ij (w)| is uniformly bounded on D(σ 2 ) by a constant independent of x. Similarly, one can prove that for all k ≥ 1, all k derivatives of (h 0 ) ij are uniformly bounded on D(σ 2 ) by a constant independent of x.
Combining case 1 and case 2, we conclude that the lemma is true.
In Theorem 4.1, we assume that BK(g 0 ) is uniformly bounded below. In case BK(g 0 ) is uniformly bounded from above, then we still have short time existence provided g 0 satisfies (a1)-(a3) in Section 2. 
Proof. It is easy to see that if g 0 satisfies the conditions in (ii) then it satisfies the conditions in (i). However, in (ii) we want to get more simple estimates for later use. Let us prove (ii) first. Since the Riemannian curvature of g 0 , and |T | g 0 are uniformly bounded, we conclude that g 0 satisfies (a1) by Lemma A.3 and [31] . Since the curvature is bounded from above by K, there is a constant c 1 (n) depending only on n such that
where θ 0 is the Kähler form of g 0 . Since the curvature is also bounded from below by −K, and |T | g 0 , |∂T | g 0 are uniformly bounded, we can apply Theorem 4.1 to conclude that there is a solution g(t) of the Chern-Ricci flow with initial data g 0 on M × [0,
. By Lemma 3.4, with S 1 = c 1 K −1 and u = 0 there, we conclude that
for some constant c 2 > 0 depending only on n, where ψ is the solution of (2.2) corresponding to g(t) and θ(t) is the Kähler form of g(t).
Next we want to estimate Θ := tr g g 0 . Let Υ = tr g 0 g. By (4.8), we have
for some positive constants c 3 , c 4 depending only on n. Let v(t) be a function of t such that
with v(0) = n + 1. That is
and is bounded by a constant depending only on n on [0, t 0 ] for all t 0 < 1 2 
By Theorem 4.1, there is a solution h(t) to the Chern-Ricci flow which is uniformly equivalent to h 0 on U ρ 0 × [0,
]. Similar to Lemma 4.2, BK(h 0 ), |T 0 | h 0 and |∂T | h 0 are uniformly bounded from above by a constant independent of ρ 0 . Let Θ = tr h h 0 , if we can boundψ by a constant independent of ρ 0 by the proof of (i), we conclude that there is a constant C 1 , 1 2 S 2 > S 3 > 0 which are independent of ρ 0 such that
. Let ψ be the solution of (2.2) corresponding to h(t), we want to prove that |ψ| ≤ C 2 for some constant independent of ρ 0 and on
for some positive constant C 3 independent of ρ 0 . From this one can proceed as in the proof of Theorem 4.1 to show that (i) is true.
In order to estimate |ψ|, if one can obtain an upper bound for ψ, one can proceed as in the proof of Lemma 4.2. To bound ψ from above, let
for some constant C 4 independent of ρ 0 . Hence (4.11) impossible, if A is large enough independent of ρ 0 . From this, it is easy to see that
for some constant C 5 independent of ρ 0 . This completes the proof of (i).
By Lemma 2.2 and Theorems 4.1, 4.2, we have
Corollary 4.1. Let (M n , g 0 ) be a complete noncompact Kähler manifold such that g 0 is uniformly equivalent to another Kähler metric g 1 with bounded curvature. If either BK(g 0 ) ≥ −K or BK(g 0 ) ≤ K, then the Kähler-Ricci flow with initial data g 0 has short time existence g(t) which is uniformly equivalent to g 0 .
Remark 4.1.
(i) One might compare Corollary 4.1 with some results in [2] . (ii) By [36, 37] one can construct U(n) invariant Kähler metrics on C n with nonnegative but unbounded bisectional curvature. By [2] , such a metric is uniformly equivalent to a Kähler metric with bounded curvature. Using their method, one may also construct similar examples with nonpositive bisectional curvature.
Next, we want to relax the condition (a1) in the existence of Chern-Ricci flow. We have the following: (i) There is an exhaustion function ρ ≥ 1 such that
(ii) There is S > 0, β > 0 and a smooth bounded function u such that
(iii) BK(g 0 ) ≥ −K for some K > 0. Then the Chern-Ricci flow has a solution g(t) with initial data g 0 on M × [0, S 1 ), where
Here c > 0 is an absolute constant. In particular,
Proof. We may assume that β < 1. As in the proof of Theorem 4.1, for ρ 0 >> 1, let U ρ 0 be the component of {ρ(x) < ρ 0 } containing a fixed point x 0 ∈ M. Let F be as in Lemma 4.1 and let h 0 = e 2F g 0 with F (x) = F(ρ(x)/ρ 0 ).
For any ǫ > 0, by (i) and the properties of F, there is an absolute constant c 1 > 0 such that
provided ρ 0 is large enough. Let ω 0 be the Kähler form of h 0 then by (ii)
if S 1 is such that 1 −
where have used the fact that F ≥ 0 and β < 1. By Lemma B.1 and (4.12), we can conclude that the torsion T 0 of h 0 satisfies |T 0 | h 0 , |∂T 0 | h 0 are uniformly bounded by a constant independent of ρ 0 . Moreover, BK(h 0 ) is uniformly bounded below by a constant independent of ρ 0 . By Theorem 4.1, we conclude that the Chern-Ricci flow has a solution h(t) on U ρ 0 × [0, S 1 ) with initial data h 0 . Moreover, by Lemmas 3.4, 3.5, we conclude that for any 0 < S ′ < S 1 , there is a constant C 1 > 0 independent of ρ 0 such that
As in the proof of Theorem 4.1, we conclude that the theorem is true by letting ǫ → 0.
Similarly, we have (ii) There is S > 0, β > 0, β ′ > 0 and a smooth bounded functions u, v such that θ 0 − SRic(θ 0 ) + √ −1∂∂u ≥ βθ 0 .
Then the Chern-Ricci flow has a solution g(t) with initial data g 0 has short time solution on M × [0, S 1 ) for some S 1 > 0. Moreover, g(t) is uniformly equivalent to g on M × [0, S 1 ).
existence of Kähler-Ricci flow
In this section, we will use the previous construction of Chern-Ricci flow and the methods in [29] by Simon-Topping (who use some ideas by Hochard [14] ) to prove the following: 
is the volume of ball of radius 1 centered at x with respect to g(t). If g 0 has maximal volume growth, then g(t) also has maximal volume growth.
As an application, we give another proof of the following result by Liu [17] .
Corollary 5.1. Let (M n , g 0 ) be a complete noncompact Kähler manifold with nonnegative bisectional curvature and with maximal volume growth. Then M is biholomorphic to C n .
Proof. By Theorem 5.1, M n also supports a complete Kähler metric with nonnegative and bounded bisectional curvature with maximal volume growth. By the result in [3] , M is biholomorphic to C n .
To prove the theorem, we introduce some notations and terminologies:
• Let (M, g) be a Riemannian manifold without boundary which may not be complete. Let x ∈ M, r > 0. We say that B(x, r) ⊂ M if the geodesic ball B(x, r) is a subset of M. Namely, exp x is defined on the ball of radius r in the tangent space T x (M) center at the origin. We say that the injectivity radius ι(x) of x satisfies ι(x) ≥ ι 0 , if B(x, ι 0 ) ⊂ M and exp x is a diffeomorphism from the ball of radius ι 0 onto its image B(x, ι 0 ).
• Suppose (M, g 0 ) is a Riemannian manifold (not necessarily complete) and let g(t) be a smooth family of Riemannian metrics on M with g(0) = g 0 . Then the geodesic ball with center at x and radius r with respect to g(t) will be denoted by B t (x, r) whose volume will be denoted by V t (x, r).
• In this section, all connections and curvature tensors on a Hermitian manifold are referred to the Riemannian connections and Riemannian curvatures, unless specified otherwise. In the following Lemmas 5.1-5.5, we do not assume the manifold is complete.
Lemma 5.1. There exists 1 > α > 0 depending only on n so that the following is true: Let (N n , g 0 ) be a Kähler manifold and U ⊂ N is a precompact open set. Let ρ > 0 be such that B 0 (x, ρ) ⊂⊂ N, |Rm|(x) ≤ ρ −2 and inj g 0 (x) ≥ ρ for all x ∈ U. Assume U ρ is nonempty. Then for any component X of U ρ , there is a solution g(t) to the Kähler-Ricci flow on X × [0, αρ 2 ], where for any λ > 0
with g(t) satisfies the following:
Proof. By rescaling, we may assume ρ = 1. By the proof of Lemma 6.2 in [14] , there is a smooth function σ(x) ≥ 0 on U such that σ(x) = 0 on U 1 , σ(x) ≥ 1 on ∂U, |∇σ| + |∇ 2 σ| ≤ c 1 . Here and below, lower case c i will denote a positive constant depending only on n. Let W = {x ∈ U| σ(x) < 1}. Then X ⊂ U 1 ⊂ W . Let W be the component of W containing X. Let h 0 = e 2F g 0 be the Hermitian metric on W where F (x) = F(σ(x)) where F is the function in Lemma 4.1. Then by [14] , h 0 is complete and has bounded curvature. In fact by Lemma 4.1 and Lemma B.1 as in the proof of Lemma 4.2, the Chern curvature, the torsion |T 0 | h 0 and |∂T 0 | h 0 of h 0 are uniformly bounded by a constant c 2 . By Theorem 4.2, the Chern-Ricci flow has a solution h(t) on W × [0, α] for some α > 0 depending only on n such that
is easy that (i) and (ii) are true.
Lemma 5.2. For any n, v 0 > 0, there exist S(n, v 0 ) > 0, C 0 (n, v 0 ) > 0 depending only on n, v 0 such that the following holds: Suppose (N n , g(t)) is a Kähler Ricci flow for t ∈ [0, S] and x 0 ∈ N such that B t (x 0 , r) ⊂⊂ N for each t ∈ [0, S]. Suppose
.
Moreover the injectivity radius satisfies
Proof. By parabolic rescaling, we may assume that r = 1. By [16, Lemma
) is as in the lemma, then [27] ).
The estimate of |∇Rm| is a consequence of the local estimates by Shi [25] (see [1] ).
The following local estimates are by Sherman-Weinkowve [22] and LottZhang [19] . The following is from [19, Propositon A.1].
Lemma 5.3. For any A 1 , n > 0, there exists C 1 (n, A 1 ) depending only on n, A 1 such that the following holds: For any Kähler manifold (N n , g 0 ) (not necessarily complete), suppose g(t), t ∈ [0, S] is a solution of Kähler Ricci flow on B 0 (x 0 , r) where B 0 (x 0 , r) ⊂ N such that on B 0 (x 0 , r)
Assume in addition that on B 0 (x 0 , r),
) is a Kähler Ricci flow on [0, S] with g(0) = g 0 . Let x 0 ∈ N, and r be such that B t (x 0 , r) ⊂⊂ N for all t ∈ [0, S]. Suppose there exists a > 0 (i) BK(g 0 ) ≥ 0 on B 0 (x 0 , r); and
There existsŜ > 0 depending only on n, a such that for all
Proof. This follows from Theorem 3.2 in [16] by rescaling. Note that in [16] , it is assumed that g(t) is completed. However the proof also works for our case.
We also need following the shrinking balls lemma in [28] .
Lemma 5.5. There exists a constant β = β(m) ≥ 1 depending only on m such that the following is true. Suppose (N m , g(t)) is a Ricci flow for t ∈ [0, S] and x 0 ∈ N with B 0 (x 0 , r) ⊂⊂ M for some r > 0, and Ric(g(t)) ≤ (n − 1)a/t on B 0 (x 0 , r) for each t ∈ (0, S]. Then
We are ready to prove the theorem.
Proof of Theorem 5.1. Suppose (i) is true. Then g(t) must have nonnegative bisectional curvature by [16] (see also [15] ). Hence (ii) is true. The first part of (iii) follows from (i) and lower bound control lemma [27, Corollary 6.2] . If g 0 has maximal volume growth, then one may prove similarly by using parabolic rescaling as in [15] for example, to conclude that that g(t) also has maximal volume growth. To prove (i), let us define some constants:
• Let α(n) > 0 be the constant in Lemma 5.1.
• Let C 0 (n, v 0 ), S(n, v 0 ) be the constants in Lemma 5.2.
• Let µ = µ(n, v 0 ) = (1 + αC A depends only on n, v 0 . Choose ρ > 0 small enough so that |Rm(g 0 )| ≤ ρ −2 on B 0 (R+1), inj 0 (x) ≥ ρ for x ∈ B 0 (p, R + 1) and B 0 (x, ρ) ⊂ B 0 (p, R + 2) for x ∈ B 0 (p, R + 1). Here inj 0 (x) is the injectivity radius with respect to g 0 . Apply Lemma 5.1 to (M, g 0 ) with U = B 0 (p, R + 1), there is a solution g(t) of the Kähler-Ricci flow with g(0) = g 0 in B 0 (p, R) × [0, t 1 ]. We can choose t 1 small enough, so that t 1 ≤ A and (5.2) |Rm(x, t)| ≤ a t for x ∈ B 0 (p, R) and for t ∈ (0, t 1 ].
Define t k , r k inductively. Let r 1 = 0 and (5.3) t k+1 = t k (1 + µ) 2 = t 1 (1 + µ) 2(k−1) ; and r k+1 = r k + ǫt
It is easy to see that t k → ∞, r k → ∞ as k → ∞.
Consider the statement P (k) defined below.
P (k):
There is a solution of the Kähler-Ricci flow g(t) on B 0 (p, R−r k )×[0, t k ] with g(0) = g 0 such that |Rm(g(t))| ≤ a t on B 0 (p, R − r k ) × [0, t k ] with t k ≤ A, r k ≤ 1.
From the above, we see that P (1) is true. Let k be the largest integer such that P (k) is true, t k ≤ A and r k ≤ 1. Then there are three possibilities:
Case 1: r k+1 ≥ 1. Then
(1 + µ)
by the definition of A. This is impossible.
Case 2: r k+1 < 1 and t k+1 ≥ A. In this case,
and so t k ≥ (1 + µ) −2 A =: σ 1 . Since P (k) is true, there is a solution of the Kähler-Ricci flow on B 0 (p, R − 1) × [0, σ 1 ] with |Rm(g(t))| ≤ a/t because r k ≤ 1. Note that σ 1 depends only on n, v 0 .
Case 3: r k+1 < 1 and t k+1 < A. We want to prove that this is also impossible.
Let g(t) be the solution of the Kähler-Ricci flow in P (k). In this case, if
x ∈ B 0 (p, R − r k+1 + This is true for all x ∈ B 0 (p, R − r k+1 + k ) .
We claim that for x ∈ B 0 (p, R − r k+1 ), B t k (x, C 
Lemma A.1. The commutation formulas for the Chern curvature are given by
When g is not Kähler, the Bianchi identities maybe fail. The failure can be measured by the torsion tensor.
Lemma A.2. In a holomorphic local coordinates, let T ijk = g pk Γ p ij , we have
